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def ghijk g lkf gfm nggg o epq frsfilftufk uhtvltwhwq x frshtftvlpj yihzve qltuf lvq ltufsvlht
lt vef m fyltt lty h{ vef |} ~q  delq epq jfk vh p uhtqlkfipm jf ltuifpqf lt vef phwtv h{ vip u hfi
vef ltvfitfv   q p uhtqfwftuf x gfm wqfiq thzpkpq upt frsfilftuf jpiyf zplvlty vl fq njpvftulfqo
kwf vh tfvzhi uhtyfqvlht ptkhi qfifi hfijhpklty  hifhfi x l{ uwiiftv sifkluvlhtq uhtufitlty
wqpyf h{ vef gfm uhf viwf x velq sfi{hi ptuf lqqwf z ljj m fuh f fft hif lshivptv lt vef tfpi
{wvwif 
 zp vh lsihf vef s fi{hi ptuf h{ vef gfm lq upuelty npq z lvtfqqfk m {hi ltqvptuf Ł x o 

pue lty uhslfq h{ shswjpi hm fuvq ujhqfi vh vef wqfi lq pt lshivptv zp h{ lsihlty vef tfv
zhi ~q s fi{hi ptuf  tkffk x vef vzh  plt shvftvlpj mftfvq h{ upuelty pif  ifkwuvlht h{ jpvftulfq
frs filftufk m vef wqfiq x ptk qplty h{ mptkz lkve x kwf vh p kfuifpqf h{ tfvzhi vip u  t hikfi
vh ifpjlf vefqf shvftvlpj mftfvq x pv jfpqv vzh nifjpvfk o sihmjf q epf vh m f kfpjv z lve 
•
ehz vh hsfipvf p upuef  defif lq p qlpm jf jlvfipvwif kfhvfk vh upuelty qvipvfylfq vh lsihf
gfm sfi{hi ptuf  qff x {hi ltqvptuf x  ptk | zefif pjyhilve q yftfipjllty vef zfjjthzt
 pjyhilve pif sihshqfk 
•
zefif vh ltqvpjj upuef   lfiftv upuelty hsvlhtq pif shqqlmjf  ht vef htf eptk x hm fuvq
upt mf qvhifk pv vef wqfi ~q mihz qfi x zelue ylfq vef shqqlmljlv vh  pf wqf h{ vef wqfi ~q
ltkllkwpj uepipuvfilqvluq nujlftv upue lty x qff {hi ltqvptuf  ptk o  ht vef hvefi eptk
hm fuvq upt mf qvhifk lt vef upuef h{ vef gfm qfifi nqff 

o  t m fvzfft vefqf hsvlhtq x
vefif lq vef hsvlht h{ wqlty    ¡¢x vepv lq x vh ltqvpjj qsfulpjlfk qfifiq pv pilhwq shltvq
lt vef tfvzhi niqv sihshqfk m 
£
  qff pjqh 
¤
o  dslupjjx qwue pt pssihpue lq pvvipuvlf
zeft pt hiypt lpvlht njlf p uhspt hi p wtlfiqlv o lq ifqshtqlm jf {hi np spiv h{ o p tfvzhi
n¥o 
delq spsfi kfpjq z lve vef jpvvfi qwm fuv upjjfk sihr sjpuf ftv lt }  y lft p tfvzhi z lve
upspulvpvfk fkyfq x frvfitpj kf ptk nifwfqv ipvfq {hi hm fuvq ptk vefli qlfqo x uhqvq {hi ltqvpjjlty
 
p sihr ptk p mwkyfv x zf kffjhs p efwilqvlu  fvehk vh kfulkf zefif vh ltqvpjj sihr upuefq lt
vef tfvzhi ptk zepv vef qlfq h{ vefqf upuefq qehwjk m f  def efwilqvlu pvvfsvq vh  ltl lf p
{wtuvlht h{ vef zplvlty vl fq lt vef tfvzhi x {hi lt qvptuf x vef pfipyf zplvlty vl f  gf pqqw f
vepv ht j spqqlf upuelty lq wqfk x l f x {fpvwifq jlf sif{fvue lty ptk sifjhpklty pif frujwkfk 
def ifqv h{ velq spsfi lq hiypt lfk pq {h jjhz q   fuvlht Ł kfquilmfq vef sihmjf ptk ltvihkwufq qh f
vfi lthjhy t  fuvlht
¤
zf sihshqf pt pjyhilve vepv qwyyfqvq p sihr sjpuf ftv vh  ltl lf
zplvlty vl fq   ltpjjx  fuvlht  ptpjfq qh f qvh uepqvlu pqs fuvq h{ vef sihmjf 
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def ltswv {hi hwi sihmjf lq pq {hjjhz q 
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o lq p ihhvfk viff n
∞
qvptklty {hi vef ihhvo x qwue vepv
vef ihhv epq frpuvj htf ueljk  def ihhv ifsifqftvq vef hwvqlkf zhijk ptk vef   ¡ ¡ ¡¢
nfjf ftvq h{
V
o ifsifqftv qfifiq  def ¡ ¡¢ nfjf ftvq h{
E
o pif klifuvfk lt klifuvlht h{ vef
ihhv ptk ifsifqftv uhttfuvlhtq m fvzfft vef qfifiq  def ifjpvlht 

′
lq p ueljk h{
ff
yftfipvfq
p spivlpj hikfi
4
nkfquftkptv h{
ff
o z lve vhs
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
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
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mqfif vepv vef lttfi thkfq pif lt  uhiifqshtkftuf z lve vef fkyfq x fpue lttfi thkf
mflty p ueljk h{ pthvefi thkf lp vef uhiifqshtklty fkyf  fv fl kfthvf vef eflyev h{ vef
viff ptk ffi vef  prl pj twmfi h{ ueljkift sfi thkf  dslupj pjwfq {hi fl ptk ffi pif 
ptk }} ifqsfuvlfj
Ł  def  jfq 
     !
vepv pif ifwfqvfk pv vef qfifiq epf qlfq "#
    
"$ x pif jh upvfk hwqlkf
vef lt{ipqviwuvwif x ptk upt mf pue lffk htj lp vef ihhv 
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kfthvf vef

¡)¡* h{ ifwfqvq {hi  jf + pv nlttfio thkf

nlt vfi q h{ twmfi h{
ifwfqvq s fi vl f wtlv o  def {hjjhz lty wptvlvlfq pif ujhqfj ifjpvfk vh vefqf {ifwftulfq  jfv
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def ¡1  nkpvp s fi vl f wtlv o yftfipvfk m ifwfqvq {hi  jf + pv qfifi
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}  vef  prlpj 7hz nlt vfi q h{ kpvp s fi vl f wtlv o
veihwye vef fkyf 
  def uhqvq vh sjpuf p sihr lt p thkf

pif p jltfpi {wtuvlht h{ vef qlf h{ vef upuef 8  { 9
kfthvfq vef rfk ptk : vef pilpmjf uhqvq x zf upt zilvf vef uhqvq pq
;
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£ gf epf p vhvpj mwkyfv   > } vh swiuepqf sihrlfq 
v lq lshivptv vh ifpjlf vepv ylft velq ltswv x pt kfulqlht uhtufitlty vef jhupvlht x qlf ptk
p jh upj upuelty qvipvfy {hi fpue sihr kfvfi ltfq x lt p wtlwf {pqelht x 7hz q lt vef tfvzhi
T
npqqw lty vepv ifwfqvq pif qfifk {ih sihrlfq ws vef viff
ff
hi {ih
∞
lt upqf vefif pif th
sihr lfq ws vef viff vepv uhtvplt vef qsfulu ifwfqvo  gf z ljj wqf pilpmjfq  6 x 4
∈ E
vh kfthvf
vefqf 7hz q  t spivluwjpi x l{ th sihr lfq pv pjj pif ltqvpjjfk lt
T
x htf upt uhswvf vepv vef fkyf
7hz q x kfthvfk m 
6
lt ve lq upqf x pif fwpj vh 0
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zefif
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lq vef thkf klifuvj wtkfi fkyf 4 
fv wq thz frsjlulv j kfquilm f vef pqqwsvlhtq vepv zf wqf lt hwi hkfj 
•
pq  ftvlhtfk pmhf x ifwfqvq pif qfifk m vef ujhqfqv sihr ws vef viff vepv uhtvpltq vef
ifwfqvfk hm fuv  delq pqqwsvlht lq ifpqhtpmjf lt sipuvluf 
•
lt  fuvlht
¤
zf pqqwf p ¢  qvipvfy pq p jh upj upuelty qvipvfyx vepv lq p qfv h{  jfq
lq uehqft vh if plt lt vef upuef sfi ptftvj
fi
mlhwqjx ve lq lq p uiwkf qlsjl upvlht
h{ ifpjlvx zefif  vsf h{ upuelty qvipvfylfq pif uhht  hzffi x lt velq qfuvlht
zf pif sil pilj ltvfifqvfk lt sihr sjpuf ftv ptk vefli uhiifqshtklty qlfq  vef qs ful u
jh upj upue lty qvipvfy lq h{  lthi lshivptuf lt hwi qfvvlty zelue  wqvlfq velq pqqwsvlht 
{vfizpikq x lt  fuvlht  vef ifqwjvq pif ptpjqfk ht vef mpqf h{ p  upue lty qvipvfy
•
vh mf pm jf vh uhswvf p zplvlty vl f {hi fpue fkyf 4
∈ E
nkfthvfk m  6 o x zf ifj ht vef
{hjjhz lty ifjpvlht mfvzfft zplvlty vl f  6 x nylft o upspulv 56 ptk 7hz  6 

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{hi qh f uhtqvptv
  
•
zf pqqw f vepv vef hm fuvlf {wtuvlht vepv zf zptv vh  ltl lf x qp  x upt mf frsifqqfk lt
vfi q h{ vef zplvlty vl fq  6  hi frpsjf x qwsshqf htf zhwjk jlf vh  ltl lf vef jpiyfqv
zplvlty vl f frsfilftufk m qh f wqfi lt vef tfvzhi  delq upt mf {hiwjpvfk pq {h jjhz q 
jfv
P
kfthvf vef qfv h{ pjj spveq {ih
∞
vh pt lttfi thkf x veft vef hm fuvlf {wtuvlht lq
ylft m

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jvfitpvlfjx vef pfipyf zplvlty vl f lt vef viff hfi pjj s hqqlmjf spveq upt mf {hiwjpvfk
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6 lq vef twmfi h{ thkfq lt vef qwmviff wtkfi 4 

htujwklty x p qhjwvlht vh hwi sihm jf qsfulfq {hi fpue thkf lt vef viff zefvefi hi thv p sihr
lq ltqvpjjfk x ptk x l{ qh x lv qs fulfq lvq uhiifqshtklty qlf  t pkklvlht x qs ful u  jfq pif qwyyfqvfk vh
m f qvhifk lt fpue sihr  jj velq lq khtf zeljf pvvfsvlty vh  ltl lf np {wtuvlht h{ o vef zplvlty
vl fq 
  bb   c\ \]
t velq qfuvlht zf z ljj uhtqlkfi vef sihm jf h{ kfvfi ltlty vef thkfq lt vef viff zefif upuef z ljj
m f pqqlytfk ptk vef  jfq zelue z ljj m f qvhifk lt vefqf upuefq  def yhpj lq vh puelff p uh {hivpmjf
qlvwpvlht {hi vef wqfiq h{ vef tfvzhi  wf vh vef pqqwsvlhtq pkf lt vef siflhwq qfuvlht x vef
wpjlv h{ vef qhjwvlhtq kfs ftkq ht vef zplvlty vl fq ptk x vefif{hif x ht vef jhpkq lt vef fkyfq 
fi
wi efwilqvlu pjyhilve vh qhjf vef sihm jf uhtqlqvq h{ Ł  p hi qvfsq vepv pif s fi{hifk lvfi
pvlfj t  vfs x zf qsful{  ¡ ¢  6 ht vef jhpkq {hi fpue 4
∈ E
 frv x lt  vfs Ł zf

¤
nefwilqvlupjj o kfulkf zefvefi p sihr sjpufftv fr lqvq qwue vepv  6
≤
 6 {hi fpue 4
∈ E
x ptk qwue
vepv vef vhvpj frs ftqfq if plt z lvelt mwkyfv    { vef ptqzfi lq fq x zf wskpvf vef wssfi mhwtkq
 6 lt qwue p zp vepv vef uhiifqshtk vh p hif uh {hivpmjf qlvwpvlht ptk lvfipvf x hvefiz lqf zf
flvefi qvhs x hi ifjpr vef uwiiftv wssfi mhwtkq   wmqfuvlht
¤
 kfpjq z lve  vfs  ptk vef wskpvlty
h{ vef wssfi mhwtkq ptk  wmqfuvlht
¤
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def mpqlu qviwuvwif h{ vef pjyhilve lq lqwpjlfk lt  lywif  v uhtqlqvq h{ pt ltlvlpjlpvlht h{ vef
mhwtkq ptk p jhhs sih ufqq lt zelue vef wssfi mhwtkq pif wskpvfk puuhiklty vh vef vef sih ufkwif
zelue z ljj m f frsjpltfk lt vef tfrv qfuvlht  t vef {hjjhz lty qh f ifpiq ehz vefqf qvfsq p
mf ifpjlfk pif ylft 
•
dh qvpiv x vef pjyhilve tffkq pt ltlvlpj qfv h{ vhvpj fkyf 7hz q {hi pjj fkyfq  gf sihshqf
vzh zpq vh tk velq qfv h{ 7hz q  zeft vef ltqvptuf wtkfi uhtqlkfipvlht uhiifqshtkq vh pt
fr lqvlty tfvzhi x htf upt wqf vef uwiiftv qlvwpvlht pq p qvpivlty shltv  hif qsfulupjjx
vef uwiiftv sihr sjpuf ftv ptk vef uwiiftv 7hz q upt mf wqfk pq ltswv {hi vef pjyhilve 
thvefi shqqlmjf zp vh yfv pt lt lvlpj 7hz lq pq {hjjhz q  qs ful{ p  prl pj zplvlty vl f {hi
fpue fkyf 4
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def uhiifqshtklty 7hz q upt mf wqfk pq ltswv {hi vef pjyhilve 
•
def wssfi mhwtkq pif wskpvfk vh vef uwiiftv vhvpj fkyf 7hz q ptk p {puvhi vl fq vef yipklftv
h{ vef hm fuvlf {wtuvlht lq qwmvipuvfk  delq  fptq vepv vef wssfi mhwtk {hi fpue vhvpj fkyf
7hz lq ifkwufk sihshivlhtpj vh vef ipvf h{ kfquftv h{ vef hm fuvlf {wtuvlht z lve ifqsfuv vh
vepv vhvpj fkyf 7hz x zelue lq qmhjlupjj kfthvfk m  n

o  delq yipklftv lq fpjwpvfk {hi
vef uwiiftv vhvpj fkyf 7hz q  hvluf vepv zf ifj efif ht vef pqqwsvlht vepv zf pif pmjf vh
uhswvf velq yipklftv nu{  vef uehlufq h{  ftvlhtfk lt  fuvlht Ło 
•
def wfqvlht zefvefi hi thv pt pjjh upvlht z lve
 ≤ 
n{hi pjj uhshtftvqo fr lqvq x upt mf
ptqzfifk m vef lttfi jhhs
ff
zelue lfjkq flvefi vef ptqzfi  hi vef ptqzfi *¡¢ ptk p qfv
h{ vhvpj fkyf 7hz q


{ vef ptqzfi {ih  vfs Ł lq tfypvlf veft zf yh mpu p {fz qvfsq lt vef pjyhilve ptk
kfuifpqf vef wssfi mhwtkq jfqq vept zf klk ltlvlpjjx hi zf epf {hwtk p qhjwvlht vepv zf
uhtqlkfi qpvlq{puvhi ptk qvhs 
{ vef ptqzfi {ih  vfs Ł lq shqlvlf veft vef tfz qfv h{ vhvpj fkyf 7hz q mfuh fq vef qfv h{
wssfi mhwtkq ptk vef pjyhilve iflvfipvfq 
•
def pjwf h{ 

ptk vef zp  lq kfuifpqfk z ljj epf vh m f jhhfk pv wqlty pt lsjf ftvpvlht 
v velq vl f zf uptthv qp ptvelty qptf ht vefqf  pvvfiq 
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lft wssfi mhwtkq 
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x zf kfvfi ltf zefvefi zf upt tk 7hz q 
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m pjjh upvlty p vhvpj
phwtv h{ upuef h{ uhqv
≤
   gf kllkf velq sihmjf ltvh veiff qwmsihmjf q 
! o fvfi ltf lt zelue thkfq p sihr lq ltqvpjjfk 
!Ło fvfi ltf ehz wue upuef lq ltqvpjjfk lt vefqf thkfq 
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fr lqv  
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if zf qpvlqfk  
 vhs 
 lywif   jhzuepiv h{ vef wskpvlty h{ vef mhwtkq 

!¤
o fvfi ltf zelue  jfq pif qvhifk lt vefqf sihrlfq 
gf qhjf vefqf veiff qwmsihmjf q m iqv uhtqlkfilty ! x ptk tfrv ! Ł ptk !
¤
qlwjvptfhwqj
hvluf vepv  vfs Ł flvefi hwvswvq
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zefif vef qw lq hfi pjj thkfq 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s fi{hiptuf h{ vef tfv  gf epf kllkfk velq sihmjf ltvh vzh qwmsihm jf q  lkftvl{ thkfq
zefif sihr lfq z ljj m f sjpufk ptk kfvfi ltf vef qlf h{ vef sihr lfq  dh  pf vef sihmjf q fpqlfi vh
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 vh puelff p hif ifpjlqvlu fqvl pvf h{
vef wpjlv h{ vef qhjwvlhtq  delq ptpjqlq  p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